
FA
C

TO
RI

ZA
TI

O
N

in
se

m
i-

in
c

lu
si

ve
p

ro
c

e
ss

e
s:

tm
d

a
p

p
ro

a
c

h

ig
o

r
o

.
c

he
re

d
ni

ko
v

IN
FN

-C
O

SE
N

ZA
IT

&
JI

N
R-

D
U

BN
A

R
U

&
M

O
SC

O
W

-U
N

I R
U

p
re

p
a

re
d

fo
rt

h
e

tm
d

-w
o

rk
sh

o
p

,2
7

-
30

se
p

t
20

09
,m

ilo
s,

g
re

e
c

e



•
fa

c
to

riz
a

tio
n

in
se

m
i-i

n
c

lu
siv

e
p

ro
c

e
ss

e
s

w
ith

in
th

e
tm

d
a

p
p

ro
a

c
h

•
e

xt
ra

d
iv

e
rg

e
n

c
e

s
o

f
th

e
tr

a
n

sv
e

rs
e

-m
o

m
e

n
tu

m
d

e
p

e
n

d
e

n
t

(t
m

d
)

p
a

rt
o

n
d

e
n

sit
ie

s
a

n
d

th
e

ir
in

flu
e

n
c

e
o

n
th

e
re

n
o

rm
a

liz
a

tio
n

p
ro

p
e

rt
ie

s

•
g

e
n

e
ra

liz
e

d
d

e
fin

iti
o

n
o

f
th

e
tm

d
p

d
f,

c
o

n
sis

te
n

t
w

ith
th

e
fa

c
to

riz
a

tio
n

•
a

se
t

o
ft

h
e

e
vo

lu
tio

n
e

q
ua

tio
n

s
fo

rt
m

d
p

d
f



KI
N

EM
A

TI
C

S
siD

IS

γ
∗ (

q)
+

H
1
(P

)
→
X

+
H

2
(P

′ )

lµ
=

(l
+
,l
−
,l
⊥
)

,
l±

=
(l

0
±

l3
)/
√ 2

,
l2

=
2l

+
l−
−

l2 ⊥

n
∗µ

=
Ω

(1
,1

,0
⊥
),

n
µ

=
1 2Ω

(1
,−

1,
0 ⊥

)
,

n
∗+

=
√ 2Ω

n
∗−

=
0

,
n

+
=

0
,

n
−

=
1 √ 2Ω

,
n
∗ n

=
1

,
(n
∗ )

2
=

n
2

=
0

P
µ

=
n
∗µ

+
M

2 2
n

µ
,

P
2

=
M

2

qµ
=
−x

N
n
∗µ

+
Q

2

2x
N

n
µ
→

q+
=
−√

2x
N

Ω
,

q−
=

Q
2

2√
2x

N
Ω



x
N

—
N

a
c

h
tm

a
n

n
va

ria
b

le

x
B

=
Q

2
/
2(

P
q)

—
Bj

o
rk

e
n

va
ria

b
le

√ 2Ω
=

P
+
→

x
B

=
x

N

1
−

M
2

Q
2
x

2 N

=
x

N
+

O

( M
2

Q
2

)

ki
n

e
m

a
tic

a
la

p
p

ro
xi

m
a

tio
n

s
a

re
im

p
o

rt
a

n
t!

C
o

lli
n

s,
R

o
g

e
rs

,
S

ta
st

o
:

P
R

D
(2

0
0

8
)

→
fu

lly
un

in
te

g
ra

te
d

p
a

rt
o

n
c

o
rre

la
tio

n
fu

n
c

tio
n

s



M
2
/Q

2
c

o
rre

c
tio

n
s

n
e

g
le

c
te

d

x
B
≈

x
N

P
µ

=
( P

+
,

M
2

2P
+

,0
⊥

)
,

qµ
=

( −x
B
P

+
,

Q
2

2x
B
P

+
,0
⊥

)

P
+
∼

E
P

=
ha

dr
on

en
er

gy

s
∼

Q
2

x
B



P

k
in

x
−

x
+

γ
∗

k
o
u
t

q

(b
)

(a
)

.
.

.

.
.



IN
C

LU
SI

V
E

PR
O

C
ES

SE
S

(D
IS

)

h
a

d
ro

n
ic

te
n

so
r

W
µ

ν
=

1 2π
=m

[ i

∫
d
4
ξ

e
iq

ξ
〈P
|T
{J

µ
(ξ

)J
ν
(0

)}
|P
〉]

fo
ru

n
p

o
la

riz
e

d
ta

rg
e

t

W
µ

ν
=

=
( −g

µ
ν

+
q µ

q ν q2

)
F

1
(x

B
,Q

2
)+

1
P
·q

( P
µ
−

q µ
P
·q q2

)
( P

ν
−

q ν
P
·q q2

)
F

2
(x

B
,Q

2
)



FA
C

TO
RI

ZA
TI

O
N

D
IS

γ
∗ (

q)
+

H
1
(P

)
→
X

F
(x

B
,Q

2
)

=
H

(x
B
,Q

2
/µ

2
)
⊗

F
D

(µ
2
)

=
∑ i

∫
1

x
B

d
ξ ξ

C
i

( x ξ
,
Q

2

µ
2

)
F

i D
(ξ

,µ
2
)

F
1
(x

B
,Q

2
)
=

1 2x
B

F
2

( x
B
,Q

2
) =

1 2

∑ i

e2 i

[ Q
i(

x
B
,Q

2
)
+

Q̄
i(

x
B
,Q

2
)]



in
te

g
ra

te
d

p
a

rt
o

n
d

e
ns

iti
e

s:

d
e

fin
iti

o
n

;g
a

ug
e

in
va

ria
n

c
e

;R
G

p
ro

p
e

rt
ie

s

q
ua

rk
d

is
tr

ib
ut

io
n:

Q
′ i/

h
(x

,µ
)
=

1 2

∫
d
ξ− 2π

e
−

ik
+

ξ
−
〈h

(P
)|ψ̄

i(
ξ−

,0
⊥
)γ

+
ψ

i(
0−

,0
⊥
)|h

(P
)〉
∼

∼
〈h

(P
)|a

† i
a

i(
x
)|h

(P
)〉

g
a

ug
e

in
va

ria
nc

e
:

in
se

rt
io

n
o

ft
h

e
g

a
ug

e
lin

k

[y
,x
|Γ

]=
P

ex
p

[ −i
g

∫
y

x
[Γ

]

d
z µ

A
µ a
(z

)t
a

] F



c
o

m
p

le
te

ly
g

a
ug

e
in

va
ria

nt
(q

ua
rk

)
d

e
n

sit
y:

Q
i/

h
(x

,µ
)
=

1 2

∫
d
ξ− 2π

e
−

ik
+

ξ
−
〈h

(P
)| ψ̄

i(
ξ−

,0
⊥
)[

ξ−
,0
−
]γ

+
ψ

i(
0−

,0
⊥
)|h

(P
)〉

re
no

rm
a

liz
a

tio
n

g
ro

up
p

ro
p

e
rt

ie
s:

D
G

LA
P

µ
d d
µ
P i

/
h
(x

,µ
)

=
∑ j

∫
1

x

d
z z

P
ij

( x z

) P j
/
h
(x

,µ
)

P̂ i
/
h
(x

,µ
)
→
P̂ i

/
h
(x

,Q
2
)



S
E
M

I
−

IN
C

L
U

S
IV

E
P

R
O

C
E
S
S
E
S

γ
∗ (

q)
+

H
1
(P

)
→

H
2
(P

′ )
+
X



a
p

p
ro

a
c

h
e

s
to

se
m

i-
in

cl
us

iv
e

D
IS

la
rg

e
P
⊥

P
⊥
∼

Q
la

rg
e

Q
2

Q
2
À

Λ
2 Q

C
D

p
e

rt
ur

b
a

tiv
e

c
a

lc
ul

a
tio

n
s

w
ith

in
te

g
ra

te
d

d
e

n
sit

ie
s

M
e

n
g

,
O

ln
e

ss
,

S
o

p
e

r:
N

P
B

(1
9

9
2

)

m
o

d
e

ra
te

P
⊥

Λ
Q

C
D
¿

P
⊥
¿

Q
la

rg
e

Q
2

Q
2
À

Λ
2 Q

C
D

p
e

rt
ur

b
a

tiv
e

c
a

lc
ul

a
tio

n
s

w
ith

in
te

g
ra

te
d

d
e

n
sit

ie
s

p
lu

s
re

su
m

m
a

tio
n

o
f

la
rg

e
d

o
ub

le
lo

g
s
α

s
ln

2
P
⊥
/Q

C
o

lli
n

s,
S

o
p

e
r:

N
P

B
(1

9
8

1
,

1
9

8
2

)

D
o

ks
h

itz
e

r,
D

ia
ko

n
o

v,
T

ro
ia

n
:

P
R

(1
9

8
0

)
e

t
a

l.



FA
C

TO
RI

ZA
TI

O
N

a
t

sm
a

ll
P
⊥

SI
D

IS

Ji
,

M
a

,
Y

u
a

n
:

P
R

D
(2

0
0

5
)

sm
a

ll
P
⊥

P
⊥
∼

Λ
Q

C
D

m
o

d
e

ra
te

Q
2

Q
2
∼

10
2

G
eV

2

F
(x

B
,z

h
,P

h
⊥
,Q

2
)

=
∑ i

e2 i
·

·H
(Q

2
,µ

2
,ρ

)
⊗
F D

(x
B
,k
⊥
,µ

2
,x

B
ζ
,ρ

)
⊗
F F

(z
h
,q
⊥
,µ

2
,ζ̂

/z
h
,ρ

)
⊗

S
(l

2 ⊥
,µ

2
,ρ

)

ζ
2
x

2 B
=

ζ̂
2

z
2 h

=
Q

2
ρ

µ
=

re
no

rm
al

iz
at

io
n

(c
ol

lin
ea

r
fa

ct
or

iz
at

io
n)

sc
al

e
ρ

=
ra

pi
di

ty
cu

to
ff



“n
a

iv
e

d
e

fin
iti

o
n

o
ft

m
d

d
e

ns
ity

Q?
(x

,k
⊥
)

=
1 2

∫
d
ξ−

d
2
ξ ⊥

2π
(2

π
)2

e
−

ik
+

ξ
−

+
ik
⊥
·ξ
⊥
·

·〈P
| ψ̄

i(
ξ−

,ξ
⊥
)[

ξ−
,ξ
⊥
;∞

−
,ξ
⊥
;]
† γ

+
[∞

−
,0
⊥
;0
−
,0
⊥
]ψ

i(
0−

,0
⊥
)|P

〉|
ξ
+
=

0

st
ru

c
tu

re
o

f
th

e
g

a
ug

e
lin

ks
is

m
uc

h
m

o
re

c
o

m
p

lic
a

te
d

,
th

a
n

in
th

e
in

te
g

ra
te

d
c

a
se

;y
ie

ld
s

a
d

d
iti

o
n

a
lp

ro
b

le
m

s
fo

rf
a

c
to

riz
a

tio
n

in
d

iff
e

re
n

t
g

a
ug

e
s.



d
iv

e
rg

e
nc

e
s

in
th

e
tm

d
c

a
se

•
us

ua
l

U
V-

si
ng

ul
a

rit
ie

s,
w

h
ic

h
c

a
n

b
e

re
m

o
ve

d
u

sin
g

th
e

st
a

n
d

a
rd

R
−o

p
e

ra
tio

n
:

c
o

n
tr

o
lle

d
b

y
th

e
U

V
-e

vo
lu

tio
n

,
e

.g
.,

in
th

e
fu

lly
in

te
g

ra
te

d
c

a
se

it
yi

e
ld

s
D

G
LA

P
e

q
u

a
tio

n
.

•
ra

p
id

ity
d

iv
e

rg
e

nc
e

s,
w

h
ic

h
a

p
p

e
a

r
o

n
ly

in
th

e
un

in
te

g
ra

te
d

c
a

se
:

c
a

n
c

e
l

in
th

e
in

te
g

ra
te

d
d

ist
rib

ut
io

n
s,

b
u

t
in

th
e

tm
d

c
a

se
th

e
y

re
m

a
in

a
n

d
a

ffe
c

t
th

e
st

ru
c

tu
re

o
f

lo
g

a
rit

h
m

ic
te

rm
s

to
b

e
re

su
m

e
d

b
y

a
c

o
n

sis
te

n
t

p
ro

c
e

d
ur

e
.

so
ur

c
e

:
un

c
o

m
p

e
n

sa
te

d
lig

h
t-

c
o

n
e

a
rt

ifa
c

ts
,

w
h

ic
h

st
e

m
s

fro
m

e
ith

e
r

th
e

lig
h

t-
lik

e
g

a
u

g
e

lin
ks

(in
th

e
c

o
va

ria
n

t
g

a
ug

e
s)

,
o

f
fro

m
th

e
a

d
d

iti
o

n
a

l
te

rm
s

in
th

e
g

lu
o

n
p

ro
p

a
g

a
to

ri
n

th
e

(s
in

g
ul

a
r)

lig
h

t-
c

o
n

e
a

xi
a

lg
a

u
g

e
.

•
m

ix
e

d
d

iv
e

rg
e

nc
e

s:
c

o
n

ta
in

b
o

th
U

V
a

n
d

ra
p

id
ity

sin
g

u
la

rit
ie

s
sim

ul
ta

n
e

o
us

ly
.

h
ig

h
ly

un
d

e
sir

a
b

le
,s

in
c

e
th

e
y

b
re

a
k

th
e

c
o

rre
c

t
U

V
-

e
vo

lu
tio

n
,

a
n

d
d

e
p

e
n

d
o

n
th

e
p

a
ra

m
e

te
rs

o
f

th
e

c
h

o
se

n
g

a
u

g
e

,
w

h
a

t
m

a
ke

s
th

e
d

e
fin

iti
o

n
o

f
TM

D
PD

F
in

va
lid

fro
m

th
e

p
o

in
t

o
f

vi
e

w
o

ft
h

e
c

o
m

p
le

te
g

a
ug

e
in

va
ria

n
c

e
.



a
vo

id
“r

a
p

id
ity

p
ro

b
le

m
s:

•
sh

ift
fro

m
th

e
lig

ht
c

o
ne

o
r

u
se

o
f

n
o

n
-li

g
h

t-
lik

e
a

xi
a

l
g

a
u

g
e

(C
o

lli
n

s,
S

o
p

e
r:

N
P

B
(1

9
8

1
,

1
9

8
2

)
)

•
su

b
tra

c
tio

n
o

f
th

e
so

ft
fa

c
to

r
(C

o
llin

s,
H

a
u

tm
a

n
n

:
PL

B
(2

00
0)

,
JH

EP
(2

00
1)

)

•
re

g
ul

a
riz

a
tio

n
o

f
th

e
lig

h
t-

c
o

n
e

g
a

u
g

e
(C

h
e

re
d

n
ik

o
v,

S
te

fa
n

is
:

P
R

D
(2

0
0

8
,

2
0

0
9

),
N

P
B

(2
0

0
8

)
)

(a
t

th
e

m
o

m
e

m
n

t)
fa

c
to

riz
a

tio
n

is
d

e
m

o
n

st
ra

te
d

o
n

ly
w

ith
in

th
e

fir
st

a
p

p
ro

a
c

h



sh
ift

fro
m

th
e

lig
h

t
c

o
n

e
in

th
e

Fe
yn

m
a

n
g

a
u

g
e

:

QF
e
y
n
m

a
n
(x

,k
⊥
)
=

1 2

∫
d
ξ−

d
2
ξ ⊥

2π
(2

π
)2

e
−

ik
+

ξ
−

+
ik
⊥
·ξ
⊥
·

·〈p
|ψ̄

i(
ξ−

,ξ
⊥
)[

ξ−
,ξ
⊥
;∞

−
,ξ
⊥
;]
† v
γ

+
[∞

−
,0
⊥
;0
−
,0
⊥
] v

ψ
i(

0−
,0
⊥
)|p
〉|

ξ
+
=

0

a
rb

itr
a

ry
ve

c
to

rv
in

tr
o

d
uc

e
s

n
e

w
d

im
e

n
sio

n
a

lv
a

ria
b

le

ζ
=

(2
P
·v

)2

v
2



re
g

ul
a

riz
a

tio
n

o
ft

h
e

g
lu

o
n

p
ro

p
a

g
a

to
ri

n
th

e
lig

h
t-

c
o

n
e

g
a

u
g

e
:

d
µ

ν
(q

)
=
−(

qµ
n
−

ν
+

qν
n
−

µ
)1 2

(
1

q+
+

iη
+

1
q+
−

iη

)

a
n

o
th

e
rd

im
e

n
sio

n
a

lv
a

ria
b

le
η

a
lw

a
ys

st
a

y
“o

n
th

e
lig

ht
-c

o
ne

;
n

a
tu

ra
lly

re
p

ro
d

u
c

e
in

te
g

ra
te

d
c

a
se

(D
G

LA
P)

;e
a

sie
r(

?)
d

e
riv

e
ra

p
id

ity
ev

o
lu

tio
n



PR
O

O
F

o
fF

A
C

TO
RI

ZA
TI

O
N

in
th

e
c

o
va

ria
n

t
(F

e
yn

m
a

n
)

g
a

u
g

e

Ji
,

M
a

,
Y

u
a

n
:

P
R

D
(2

0
0

5
),

P
L

B
(2

0
0

4
);

Id
ilb

i
&

JM
Y

:
P

R
D

(2
0

0
4

)

e
xt

ra
d

im
e

n
sio

n
le

ss
va

ria
b

le
:

ra
p

id
ity

c
u

to
ff

ρ

ρ
=

√
v
−
u

+

v
+
u
−

so
ft

fa
c

to
r

S
(ξ
⊥
,µ

2
,ρ

)
=
〈0
|[ξ

,−
∞

]† u
[∞

,ξ
]† v

[∞
,0

] v
[0

,−
∞

] u
|0〉



c
a

lc
ul

a
tio

n
o

ft
h

e
o

ne
-g

lu
o

n
d

ia
g

ra
m

s

(b
)

(c
)

(d
)

(a
)

+
(h

.c
.)

n
−

p

(a
)

(b
)

(c
)

l
⊥

+
(h

.c
.)

(d
)

p
+

n
−

(a
)

(b
)

(d
)

(c
)

l
⊥

l
⊥



fa
c

to
riz

e
d

st
ru

c
tu

re
fu

n
c

tio
n

is
d

e
m

o
n

st
ra

te
d

to
b

e
ρ
-

a
n

d
µ

-
in

d
e

p
e

nd
e

nt

a
se

t
o

fe
vo

lu
tio

n
e

q
ua

tio
ns

fo
ru

n
in

te
g

ra
te

d
d

e
n

sit
ie

s

•
U

V-
ev

o
lu

tio
n

(in
th

e
in

te
g

ra
te

d
c

a
se

—
D

G
LA

P)

µ
d d
µ
P(

x
,k
⊥
,µ

,ζ
)

=
K U

V
⊗
P(

x
,k
⊥
,µ

,ζ
)

•
ra

p
id

ity
ev

o
lu

tio
n

(C
o

llin
s-

So
p

e
r

e
q

ua
tio

n
)

(n
o

c
o

rre
sp

o
n

d
e

n
c

e
in

th
e

in
te

g
ra

te
d

c
a

se
!)

ζ
d d
ζ
P(

x
,k
⊥
,µ

,ζ
)

=
K C

S
⊗
P(

x
,k
⊥
,µ

,ζ
)

•
BF

KL
ev

o
lu

tio
n

(r
e

la
tio

n
to

th
e

C
o

llin
s-

So
p

e
re

vo
lu

tio
n

is
n

o
t

kn
o

w
n

!)

x
d d
x
P(

x
,k
⊥
,µ

,ζ
)

=
K B

F
K

L
⊗
P(

x
,k
⊥
,µ

,ζ
)



U
V-

ev
o

lu
tio

n

1 2
µ

d d
µ
Q(

x
,k

⊥
)

=
∫

d
2
q
⊥

∫
1

x

d
z z

P
⊥

( x z
,q
⊥
,α

s

)
Q(

z
,q
⊥
)

P
⊥

(y
,q
⊥
,α

s
)

=
γ

δ(
1
−

y
)

δ(
2
) (

k
⊥
−

q
⊥
)
+

O
(α

2 s
)
,

γ
=

γ
2
q

=
3 4
α

s π
C

F
+

O
(α

2 s
)
.



ra
p

id
ity

ev
o

lu
tio

n

ζ
∂ ∂
ζ
Q(

x
,k
⊥
,µ

,ζ
)
=

=
α

s
C

F

π

∫
d
2
q ⊥

[(
1
−

ln
x

2
ζ
2

µ
2

)
δ(

2
) (

q
⊥
−

k
⊥
)
+

1 2π
1

(k
⊥
−

q
⊥
)2

+
λ

2

]
Q(

x
,q
⊥
,µ

,ζ
)



(p
re

lim
in

a
ry

?)
c

o
nc

lu
si

o
ns

•
w

ith
in

th
e

tm
d

a
p

p
ro

a
c

h
,

fa
c

to
riz

a
tio

n
o

f
se

m
i-i

n
c

lu
siv

e
D

IS
a

n
d

D
re

ll-
Ya

n
p

ro
c

e
ss

e
s

is
d

e
m

o
n

st
ra

te
d

•
re

su
lts

in
th

e
lig

ht
-c

o
ne

g
a

ug
e

a
re

st
ill

m
iss

in
g

•
c

o
m

p
le

te
se

t
o

fe
vo

lu
tio

n
e

q
ua

tio
n

is
n

o
t

(?
)

kn
o

w
n

•
re

d
uc

tio
n

to
th

e
in

te
g

ra
te

d
c

a
se

:
q

ue
st

io
n

a
b

le
(a

t
le

a
st

,
in

th
e

c
o

va
ria

n
t

g
a

ug
e

s)

•
w

o
rk

is
(a

lw
a

ys
)

in
p

ro
g

re
ss

:)


